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Abstract 


In this paper, we will study the following PDE in involving multiple Hardy- 
Sobolev critical exponents: 



where 0 < si < S 2 < ••• < si <2,2* := 2*(s) := and there 

exists some k G [1, /] such that Ai > 0 for 1 < i < fc; < 0 for fc -|- 1 < i < b 
We prove the existence and non-existence of the positive ground state solution. 
The symmetry and regularity of the least-energy solution are also investigated. 
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1 Introduction 


Consider the following problem: 




2*(si)-l 


= 0 in 


i=l 


^u{x) > 0 in 


( 1 . 1 ) 


where 0 < Si < S 2 < • ■ • < s; < 2, Ai G K, 2* := ■^^,2*{s) := We see 

that the nonlinearities involving multiple Hardy-Sobolev critical exponents and 
thus are not homogeneous. 

Recall that on the half space Li and Lin consider the following problem 
in [lO]: 


fAn + A^^ + ^ 

[u{x) > 0 in 


, 2 *(<= 2)-1 


= 0 


\ x \‘2 — " > 

u(x) = 0 on 


( 1 . 2 ) 


They show that (HU has a least-energy solution u G Hq{M.^) provided that 
N > 3,0 < S 2 < Si < 2, A G R. An earlier result for the special case S 2 = 0 in 
equation (11.21) is obtained by Hsia, Lin and Wadade in [8] . Also they study the 
existence of the least-energy solution. 


In the current paper, we consider the equation defined in the whole space 
R^ with multiple Hardy-Sobolev exponents. It seems that the existence of least 
energy solution to (EB is unknown. 

Theorem 1.1. Let N > 3,0 < si < S 2 < ••• < sz <2. Suppose that there 
exists some k G [1, 1] such that Az > 0 for 1 < i < k and Az < 0 for k+1 < i < I- 
Furthermore, if N = 3 and k I, we assume that either si < 1 or 1 < si < 2 
along with max{|Azs+i|, • • • , |Az|} small enough. Then the following problem 


Au + Az ^ I -h 1 = 0 m R'^, 

U Si 

i=l ' ' 

u{x) > 0 in R^, 


(1.3) 


has a least-energy solution u{x). Moreover, u{x) is radial symmetric decreasing 
and there exists a constant C > 0 such thatu{x) < C(l-|-|xp“^) and |Vu(x)| < 


C(1 


ll-AT 


)i 0< 


lim u{x) = 

x—^0 


sup u{x) < oo. 

ceR-''' 


Remark 1.1. When all XiS are negative, we elaim that there is no least energy 
solution to equation im. 


Next we prove this claim. The energy functional corresponding to problem 
im is defined by 


<I>(m) 






|up dx 


(1.4) 
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for u S Z)g’^(R^). It is easy to see that $(u) satisfies the mountain pass geo¬ 
metric structure. Define 


c* := inf max 
76rtg[0.1] 


(1.5) 


where T := | 7 (i) S (^([ 0 , 1 ],: 7 ( 0 ) = 0 , 7 ( 1 ) = mo| and $(mo) < 0 . 
Then by the mountain pass lemma, the (P5')c, sequence exists. However, since 

the embedding Z?q’^(R^) if -j—p-^ is not compact for s G [0,2], $ 

does not satisfy the Palais-Smale condition. Hence, c* may not be a critical 
value of $. Indeed, if all X^s are negative, the constant c* is always equal to 
■^S~, where S is the best constant of the Sobolev embedding. To see this, we 
note that the map t 1 —>■ ^{tu) for fixed u ^ 0 has a unique maximum for all 
t>0. It follows that 


c* = inf max$(fu). 
ugDj'^(RJV)\{0} *>0 


( 1 . 6 ) 


Denote 'I'(m) ■=-;:[ [Vw^cixf^ ~ dxt^ fo' 

2 jrw 2 * J-g^N 

Then it is easy to see that 


>r all u G D, 


1,2 


c* = inf 

max 

$(fu) 


t>0 

> inf 

max 

(to) 

ueD^^-^{R^)\{0} 

t>0 

1 c— 

= irS 2 . 



N 




(1.7) 


On the other hand, recalling that the instanton U{x) := 


[N{N-2)]^ 

[1 + N^]"^ 


is a 


minimizer for S. Then we have ||C/||^ = S'|?7|2* = S~. Noting that for any 
Xq G K^, U(x — xq) is also a minimizer for S. Now, let 0 xq G and ip G 
Dq^(R^) be a nonnegative function such that ip = 1 on B{0,p),0 < p < |a:o|. 
For e > 0, we define 


Ue{x):=e 2 u{- — —),Ue{x) :=- Xo)Ue{x). 
e 


A direct computation shows that limmax$(fM£) 


1 

N 


S ^ , it follows that 


c.<^S^. ( 1 . 8 ) 

Combine IE3 and uni), we see that c* = . Hence c* is never a critical 

value for $ when all XiS are negative, i.e., there are no least energy solutions if 
all XiS are negative. To see this, one can assume that V G Zlg’^(R.^) such that 
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1 N 

$(T/) = max$(ty) = Let t* > 0 such that 

we have 


ma.x'i’ltV). Then 
t>o 


iMx4'(ty) = 'i>{t*V) < $(i*y) < iMx$(iy) = <i>(y) = —S 2 


Take W = t*V, then we have 



\VWfdx 


/ \Wf dx and'^iyV) = — 
/R" LI , 


/ \VW\'^dx<-S^ 

'RW iV 


It follows that 

\VW\-^dx 

{j^.wrdx)* 



\VW\'^dx 



= 5, 


a contradiction to the definition of S. 

Thus, in the present paper, we always assume that k ^ 0. Besides, we may 
observe some different behaviors between k = I and k ^ 1. 

Remark 1.2. Note that when S 2 > 0, we have 2*(s2) — 1 < 2* — 1. Then the 
subcritical equation 

Av + (® 2 )-i = 0 m n (1-9) 

has no nontrivial solution if Tt = . This result plays a crucial role in m- 

When we consider the domain 17 = R'^, if S 2 > 0, we see that (HU also has 
no nontrivial solution. For this case, one can modify Li and Lin’s arguments 
in m if Q < S 2 < Si < 2, and obtain the existence of ground state solution to 
problem 


Au T A 


u 


2*(s)-l 


|a;|®2 


= 0,x€R^, 0 <u€ dL^{R^). 


Note that this phenomenon will change essentially when 17 = R^ and S 2 = 0. 
Since in this case, (HU possesses a positive solution. Hence, when applying the 
blow-up method, ones need a further detailed arguments on the energy to deduce 
a contradiction. However, if we eonsider the problem HS with I > 1, i.e., the 
nonlinearities eonsist of multiple Hardy-Sobolev critieal terms, the arguments 
ofm can not be applied directly to study the equation EU. Especially, when 
k ^ I, their arguments will fail. 

Remark 1.3. For the case of k = I in Theorem \l.ll i.e., all XiS are positive, the 
ideas of studying the existence of positive ground state solution can be described 
as following, which is a kind of developing the ideas of Lions \1‘^ . Firstly, 
we will choose a sequence {wg} which is a positive ground state solution to a 
suitable approximating problem (see Theorem O- We shall prove that when 
Ue possesses a nontrivial weak limit up to a subsequence, then the weak limit 
is a positive ground state solution of H31) (see Lemma fOI) . Combining with 
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the Pohozaev identity, we can prove that the sequence {we} possesses the good 
property that “vanishing” can not happen, see Corollaries \5.S\ and \6.1[ Since 
the non-homogeneousity, we can not prove the strict subadditivity conditions. 
However, we will establish a sequence of Lemmas to exclude the possibility of 
“dichotomy”, for the details we refer to subsection 6.2. 

Remark 1.4. The case of k I in Theorem \l.l\ is much more complicated. It 
is not easy to exclude the “vanishing” phenomenon. We will apply a different 
method to study this case by considering the following variant problem: 

u e 

( 1 . 10 ) 

Denote 

Dk := {fj, gM. : problem Ijl.l0|) possesses a least energy solution when X = p} . 

( 1 . 11 ) 

We shall prove —1 G Dk. Basing on the regularity and symmetry of positive 
solution established in section 2 and section 3, we will apply the perturbation 
argument to deduce that 0 ^ Dk is a set both open and closed. Thus Dk = R, 
and it follows that — 1 S Dk, which completes the proof. 

Remark 1.5. Unlike the ideas applied in m and where the approxima¬ 
tion problems are defined in a bounded domain of hence the approximation 
sequence has the same bounded support in , our approximation scheme is 
defined in the whole space R'^ when studying the case of k — 1. On the other 
hand, when applying the blow-up method in m and they have to prove a 
new re-scaled sequence Vg ^ v 0 in (^^^^(R^), as well as the support of Ve can 
he expanded to the whole space . However, in the current article, we only 
need to show that the approximation sequence possesses a nontrivial weak limit. 

Remark 1.6. We remark that there are some works on the Hardy-Sobolev crit¬ 
ical elliptic equations with boundary singularities and on the effect of curvature 
for the best constant in the Hardy-Sobolev inequalities, see 0 0 0 0 [13 [ny 
and the references therein. The limiting equations of 0000(13 [ny are 
actually the form of cnp defined in a cone. 

This paper is organized as follows. In section 2, we will study the regularity 
of the nonnegative solution of (II.3p . In section 3, we will study the symmetry 
of the positive solutions of dOJ. And in section 4 we will firstly study an ap¬ 
proximating problem of (11.31) . In section 5, we will introduce some interpolation 
inequalities and the Pohozaev identity for such equation. Finally, in section 6, 
we will prove the existence of ground state solution and complete the proof of 
Theorem 11.11 




lajlot 


= 0, X G 
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2 The regularity of the solution to equation (11.11) 

Proposition 2.1. Let N > 3,0 < Si < 2, ytz 0, i = 1, 2, • • • ,l and set sq = 
0, Ao = 1. Then any nonnegative —solution u of 

p I p 2*^S')_1 

/ VuVtprfa; = V A, / V tp G iAo’^(R^) (2.1) 

Jr^ Jr^ fI®' 


is of class L 


loc 


Proof. Let x be a cut-off function in a ball ]B/j(a;o)- We take (p = 

where t > 1,M > 1 and um '■= min{M,M}. Note that VuVum = |VmmP and 

VmVumwWm Then by (12.11) . we have 


VuS/pdx 


= / Vm 


2xVxwm^* ^^+X^Um 'VM + 2(t-l)x"^r4^‘ Vmm 

[ X^\^u\‘^'Hi~^'’dx + 2{t-l) [ x^\^UM\'^u^M~^'’dx 

JR^ Jr^ 

+ 2 x^^M 

Jr^ 


Ai 




2=0 


Irn \^\ 


X^u^M ^^dx. 


By the Young’s inequality, we have 


Thus, 


/R'^ 


KxVu) • (uVx)l < |Vxr w" + 4%' |Vur 


X^lVupM^* ^Ux + 2{t-l) ( x^lVwMpw^* ^^dx 

Jr’x 


( 2 . 2 ) 


(2.3) 




,2*(«d 


2=0 


|x|' 


X^u^‘ ^^dx + 2 f iVxPu^ + 

Jr" L 4 


dx 

(2.4) 


and it follows that 


X^lVupu^* ^'’dx + 4{t-l) [ x^IVumP^m ^'’dx 

Jr" 


< 2^ A, 


Xis, 


2=0 


R^ \^\ 


■X^Um ^'‘dx + i j ^^iVxpM^da:. (2.5) 
Jr" 
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Now, we take t = > 1 with s := max{so, si, • ’ ’ > s/} = si < 2 for simplic¬ 

ity. Consider wm ■= xuu\^^, by the Holder inequality and the Hardy-Sobolev 
inequality, formula (12.51) yields that 


/R'V F1 

< c 




\X\ 


-{wmY ^^''^dx 


< C / \VwM\‘^dx 

Nx\'^u^UAi~^^dx+ [ x^\'^u\‘^u^M~^^dx+ 


<Ci 




(^-1)^ / X^Um ^^iVuMpda; 


/R'V 


< C2t 


[Ei^-i 


u 


2*(si) 


2=0 


W Fr 


X^u^M ^'‘dx+ / 


/R" 


( 2 . 6 ) 


By the Holder inequality. 


A. 


/RJV f1 


X^Um ^"'dx 


2*{si)-2 


<|A*| 

/ Fl«i 

2*(«a 

/ F|. ) dx 


yBB„(a:o) la-l 


FRN F J 


(2.7) 


then by the absolute continuity of the integral, we see that there exists some 
i?o > 0 small enough such that 


2*(s) 


C'2|A,| 


,2*(*d 


'V,Ro(xo) 1^1 


-dx 


2*(sp-2 

2*(«i) 


= ( 2 . 8 ) 


Hence, for such i? 0 i we have 


1 


R'V kl 

I 




2*(si) 


<- 


1 + 2 


id / |Vx|V*(^)da; (2.9) 

^ V^R^- / JR'^ 


for all i = 0,1, • • • , L It follows that 


E 

i=0 


R'^ f 1 




{wmY < Ca / |Vxpu^ (2.10) 


/R" 
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Let M go to infinity, we obtain that 


u G L 2 




Bh (Xo), 


dx 


By the arbitrariness of xq, we obtain that 


2 *(») 


2 (si) ( 


dx 


, i 0,1, •• • ,/. 


, f 0,1, • • • , L 


( 2 . 11 ) 


( 2 . 12 ) 


Now, for any i? > 0, 0 < r < 1, we take a cut-off function 0 < y < 1 in B/j+r 
such that X = 1 in B/j and |Vx| < - in B/j+r. Set 


We note that 


2*(s)2*(s.) . . , 

2[2*(s.)-2]’ 

2*{si){a^ - 1 ) 


2tT,; 


> 1 for alH = 0,1, • • • , I, 


we can take proper constants qi < 2 *(si) such that 

q,(a^ - 1) _ 

-= const > 1. 

2 ai 

By the Holder inequality, we have 

1 


(2.13) 

(2.14) 

(2.15) 


< 


JMr + T 


'X '^M 


<C4 


-X dx 


(2.16) 


provided that u G L"* M B/J+, 


dx 


Here we remark that by the Holer 


inequality, C 4 should depend on the volume of the ball B/j+r. However, since 
r < 1, we can choose some suitable C 4 that independent of r. Noting that the 
right hand side of (12.161) is independent of M, by letting M go to infinity, we 
indeed obtain that 

Jr>^ Hr* Jrn |x|«* 


<6*4 


1 2tcr^ 

--—dx 


/BfE+r 


(2.17) 
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On the other hand, 


< 


/R'V 

2 

r 


|Vxl 


2„ 2(t-i; 


'-M 


dx 


1 2tcr^ ’ 

—— W’i-^ dx 


\x\'^'dx 


/Bil+r 


/Bil+r 


(2.18) 


where 

Hence, 


Vi = Si{ai - 1 ) > 0 . 




^^dx < C^r ^ 


\ 2t(7i ' 

——dx 


'MR+r 


(2.19) 


Recalling that qi < 2*{si) and x = 1 in Bri by the Holder inequality, inserting 
(j2.17|) . (l2.19ll into (12.61) and then letting M go to infinity, we obtain that 


E 

2 = 0 


1 


,qit. 




\ A 1 1 ^ 

dx\ < ‘ y 


1 


i*'^'’°dx 




2=0 




( 2 . 20 ) 


where by (|2.15p . 


%,o := 


2g» 

(Ji - 1 


< qi- 


Recalling (12.151) again, we have that r := > 1 is independent of i. Define 

t = T^,R = l and Vj = 2 ~^,j > 1, applying iteration, (12.201) yields 


I 


E 


1 0-T'’ + l 7 

—— u^' dx 


i=0 L “i+2“'> + i 

Denote 

we have 


< l[{Cer^2'^y- 


fc =0 


2=0 


^dx 


( 2 . 21 ) 


l[iCeT^2>^y~ , 


fc =0 


oo . ^ 

In© = InCe 51 ^ + (ln2 + 2 In^) E Tfc ■ 

k =0 


k=0 


( 2 . 22 ) 


It is easy to see 0 < oo due to the fact of t > 1. Hence, letting j go to infinity 
in (I2.21L noting that Si > 0, we obtain that 


sup u < 


1 

7TT 


I 


©E 


—;- U'^'dx 

xy 


(2.23) 

□ 
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Then we have the following result. 

Lemma 2.1. Let TV > 3,0 < Si < 2, Ai > 0, i = 1, 2, • • • ,1. Then any nonnega¬ 
tive solution of 


I 2*(si) — 1 

Am + ^ Xi ^ -h M^ = 0 m ]R^\{0} 


i=l 


satisfying 


0 < liminfM(a:) < linisupM(a;) < +oo. 
x^O a;_>o 


(2.24) 


(2.25) 


Proof. By the standard elliptic estimation, we have that u G C'°“(M^)\{0}. 
Then by [31 Lemma 4.2], take some r > 0, we see that t i—>■ min| 2 ,|=t M(a;) is 
concave in for s € (0,r). Hence, 


u{x) > min u{x) > 0 for all x G Br\{0}, (2.26) 

\x\—r 


and thus 


liminfM(x) > min u{x) > 0. 

x—>-0 |ai|=r 


(2.27) 


On the other hand, by Proposition 12.11 u{x) is of class L]^^(]R^). Hence, the 
proof of this lemma is completed. □ 


Lemma 2.2. Let A > 3,0 < Si < 2, Ai > 0, i = 1, 2, • • • ,l and set sq = 0, Aq = 
1. Then any nonnegative —solution of m satisfying 


0 < liminf 

|a;|—^'CXD 


ja;]'^ ^M(a:) < limsup ja;]'^ '^u{x) < oo, 

|ai|^oo 


i.e., u = 0{ |„|W-ii ) when jxj —>■ +oo. 


Proof. When m is a nonnegative solution of (EH), a direct computation shows 


_ I |-(Ar-2), 


that its Kelvin Transform v{x) := ja: 
solution of EH- Then by Lemma l2.11 we have 


■j —pr I is also a nonnegative 


0 < liminfM(a:) < limsupM(a;) < +oo, 

x^O a;_>o 

which implies the results of this Lemma. □ 

Remark 2.1. (i) Indeed, even for the case of Xi < 0, if u(x) is a non¬ 

negative solution of m, the corresponding Kelvin Transform v{x) := 

is also a nonnegative solution. Then by the regularity 

of Provosition \2. 1\ |M(a;)| < Cla:] for |a;| < 1. Thus, 

|u(a;)| < C'|a:p“'^ for\x\>l. (2.28) 




10 




By Provosition \2. 1\ again, we can obtain that 

|u(a;)| < C (l + forx G (2.29) 

And the standard gradient estimate, we obtain 

|Vw(a;) I < (71x1 /or |a;| > 1. (2.30) 

(ii) Based on the results of section 3 below, we will see that any positive solu¬ 
tion is radial symmetric and decreasing by r = |x|. Hence, by the mono¬ 
tonicity, 0 < lim u{x) = sup u{x) < oo exists and thus, x = 0 is a mov- 

able singularity (see also Remark \3.2i) . We also see that the constraint on 
the sign of XiS in Lemma \ 2 . 1 \ and Lemma \2.2\ can be removed. 

3 The symmetry of the positive solution of equa¬ 
tion (ll.ll) 

Remark 3.1. Without loss of generality, we may assume that k ^l. Indeed, it 
is easy to see that the arguments in this section are valid for A^+i = • • • = A/ = 0. 
Which means that our methods are valid for the case of all XiS being positive. 

In the following, we will apply the well known moving plane method to 
prove the symmetric property. We start with the Kelvin transform v{x) = 

-—u ( -—pr ) which has the desired decay rate at infinity as we need. But it 

\xy^~^ vfI / 

has a possible singularity at the origin. We see that v{x) satisfies the following 
equation: 

+ E ^ ^ K^\{0}, N>3. (3.1) 

A.<0 ‘ 

Here we always assume that 0 < Si < 2 and strictly increasing by the index i. 
For any A < 0, we define 

Ea = {x = (xi,x') G : xi < A,x' G , Tx = dl^x 

and let xx := (2A — xi,x') be the reflection point of x about the plane Tx. We 
also set 

vx{x) = v{x^) and wx{x) := vx{x) — v{x). 

We note that for A < 0, it always satisfies that 

Ix"^! < |x| for all X G Sa- (3-2) 

We are aim to prove that 

wx{x) > 0 for all x G Sa- (3.3) 


- Av = y^ Xj 




Ai>0 
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Step 1: Move the plane from —oo. Noting that 


- Avx{x) = {-Av) (x^) = ^ Ai 


;(x^) 


A',2*(si)-l 


Ai>0 


Ai<0 


}{x^) 


A'i2*(si)-1 


la;-' 


(3.4) 


we obtain that 


- Awx{x) = [-Awa(x)] - [-A-(;(a:)] 


- E A* 

V (x'^j 

v{x)^ (si) 1 

+ E A* 

r / \x 2 *(si)-i 
V (x^) 

^(2;)2 (Si) 1 

ix^r* 

a; 

|a;^r^ 

a; 

Ai>0 

>E A^ 

r / \v 2 ^(si)-i 

V (x'^j 


Ai<0 

+ E A* 

r / \x 2 *(si)-i 

V (x^j 


la;!'** 




Ai>0 



Ai<0 

jO/ 1 

jU. 1 

(3.5) 


Here we using the fact of (|3.2I) . By the Mean Value Theorem, it is easy to verify 
that 


-Awx{x) > 


^ A. [2*(s.)-l] —[r^A(x)] 


2 (si)-2 


LAi>0 


wxix) 




E 

Ai<0 


where ij^xix) are some number between vx(x) and v(x). Let 


wx(x), (3.6) 


c(a;) = - 


^ A. [r{s.)-i]-—[Mx)f^' 


Si)-2 


.Xi>0 




.Ai<0 


(3.7) 


By m Corollary 7.4.2], we only need to check the decay rate of c{x), and more 
precisely, only at the points x where wx is negative (see [U Remark 7.4.2]). 
Apparently at these points 

vx{x) < v{x) 


and hence 

0 < vx{x) < tpxix) < v{x). 


Denote 


d{x) := — 
then at these points, we have 


^ A, [ 2 *{s,)- 1 ] — [M^)] 

,Ai>0 ' ' 


2*(«i)-2 


(3.8) 


— Awx{x) + d{x)wx{x) > 0. 


(3.9) 
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A direct computation shows that 


thus we have 


Set 


then we have 


V'a(5) = O 



[V'A(i)] 


2*(si)-2 


= o 



j = max {j e {0,1, • • • , Z} : Xj > 0} , 


d{x) = O 



(3.10) 


(3.11) 

(3.12) 

(3.13) 


Then by Sj < 2, we see that the power of jiy is greater than two. Therefore, 
by [1 Theorem 7.4.2], we conclude that for A sufficiently negative, i.e., |a;| 
sufficiently large, we prove that (13.31) holds and this completes the preparation 
for the moving of planes. 


To continue our argument, we need the following Lemma 13.11 due to [21 
Lemma 8.2.1]. Define 

- / X Wx{x) 

W\[x) = 




where 


Then we have 


(j)ix) = -p-;- with 0 < q < N — 2. 
a; « 


V()> 


— Aw\ = 2Vwa ■ ——h —Aw\ H— 


A 1 


(3.14) 


Then the following result holds. 

Lemma 3.1. (cf.f^ Lemma 8.2.1]) There exists a Rq > 0 (independent of X), 
such that if x° is a minimum point of w\ and w\{x°) < 0, then |a;°| < Rq. 


Step 2: Move the Plane to the Limiting Position to Derive Symmetry. 

Now, we let 

(T := sup {A : A < 0 and u>a > 0, V a; G Ea} . (3.15) 

Step 1 yields that {A : A < 0 and w\>0, V a; G Ea} yf 0 and a > —oo. Then 
(T < 0 and Wcr > 0 for all a; G E^. and Wo- = 0 for a; G dT,^. We shall prove 
(7 = 0. By negation, we assume (t < 0. Then we claim that 

Wa{x) = 0, V a; G (3.16) 
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If not, by the strong maximum principle on unbounded domains with not neces¬ 
sarily non-negative coefficient function (see [U Theorem 7.3.3]) and the Hopf’s 
Lemma, we obtain that 

dw 

Wrj(x) > 0 in Sct and < 0 on d'Sa- = T„- (3-17) 

av 

Then by the definition of tr, there exists a decreasing sequence Oi and a corre¬ 
sponding sequence such that € Sa-i, (x^)i < 0 "^, lim Oi = a and 

2 ^ + 00 

Vai{x'^) <v{x'') i.e., u (3.18) 

Furthermore, Xi can be chosen as the minimum point of Wa^ (x). Then Vwcri {xi) = 
0. By Lemma [3.11 we see that 

< i?o Vz = 1,2,--• . (3.19) 

Hence, {x*} is bounded. Then up to a subsequence (still denoted by {a;®}), 

we may assume that lim Xi = x G r\ {xi < a}. Then by (13.181) and 
2—>- + 00 

VwcTi (xi) = 0, we have 


Then 


Uo-(x) = v{xa-) < v(x), i.e., Wa{x) < 0 and 'S/Wa(x) = 0. 


(3.20) 


Wa{x) < 0 by the definition of Wrj{x) and cj){x) > 0. (3-21) 

On the other hand, by (13.1711 . we obtain the reverse inequality 

Wa{x) > 0 since Wa{x) > 0 and (j){x) > 0. (3.22) 

Hence, Wa-{x) = 0. Then a direct computation shows that 

VWa{x) = S/Wa{x)4>{x) + tCcr (x) V(()(x) = 0. (3.23) 

At the same time, we also obtain that Wa{x) = 0 and thus x G To-, i.e., xi = a. 
Then by (13.171) . we have the outward normal derivative 


dwa- 

dv 


< 0 , 


a contradiction to (I3.23P . Thereby the claim (13.161) is proved and then it follows 
that v(x) is symmetry respect the plain = {xi = a}. Substitute into the 
equation (ED), by the fact of Va-{x) = v{x'^) = u(x), we have 


Ai>0 




u(x)2*(-)^-^ A 

Ai<0 




u(x)2*(*®). 


(3.24) 
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Taking \x\ sufficiently large, noting the fact of \x'^\ = \(2a — x\,x')\ = |(a:i — 
2(T,a;')|, if (7 < 0, then by the mean value theorem and the decay order of v{x), 
we obtain that 


1 


Si 



= O 



(3.25) 


2N-Sj+l 


It follows that the order of left hand side is O 
by (13.121) . Similarly, we set 

j = {i e {2,3,--- ,Z} : A, < 0} > 1 


, where j is given 

(3.26) 


then the right hand side equals O 


1 


I2JV-S5+1 


. Obviously, j ^ j and it follows 


that 2N — Sj + \ ^ 2N — sj + 1. Hence, if ct < 0, (13.241) will fail. Thereby, a = 0 
is proved and it follows that Wo{x) > 0, i.e., 


v{xi,x') > v{—xi,x') for all {xi,x') G with Xi > 0. 


(3.27) 


We define 


t^ = {x= {xi,x') : xi> X,x' € Tx = dtx 


and let 

a := inf{A : A > 0 and wa > 0, V cc G Sa}. (3.28) 

Then the similar arguments above can obtain that a = 0 and wo{x) > 0, i.e., 

v(—xi,x') > v(xi,x') for all {xi,x') G with a:i > 0. (3.29) 

Then by (|3.27|1 and (|3.29|1 . we obtain that v(—xi,x') = v(xi,x') for all (xi,x') G 
. Furthermore, it is easy to see that v{xi,x') = v{\xi\,x') is decreasing by 
Iccil in [0, +oo). 

Step 3: Prove that v{x) is radially symmetric and monotone decreas¬ 
ing about a: = 0. 

By the results above, we see that v{x) is symmetric with respect to the plane 
To and decreasing by the distance from Tq. We note that the arguments above 
are also valid for the any other hyper plane perpendicular to a given versor 
■d ^ "^ 1 . Finally we obtain that v{x) is radially symmetric and monotone 
decreasing about a; = 0. 

Remark 3.2. Let v(x) = v{r) be a positive ground state solution to (|l.ll) . 
where r = |a;|. Firstly, recalling Provosition \2. 1[ we have that limsupn(r) < oo. 

r—>0+ 

Seeondly, by the radial symmetry and monotone deereasing property, we see 

that lim v(r) exists. Hence, x = 0 is a moveable singularity point, i.e., we ean 
1 —>^ 0 + 

define r'(O) = lim v{r). Moreover, it is easy to see that v{0) = sup v{x). 
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Now, we can see that the results of Lemmas \2.1\ and \2.2\ are independent of the 
sign of XiS. Up to now, all the results in section 2 and section 3 are independent 
of the sign of XiS. Certainly, we do these jobs under the premise of the existence 
results. In the following sections, we will focus on the existence of least energy 
solution. 


4 Approximating problems 

Assume that 0 = sq < si < S 2 < • • • < s; < 2. Let 0 < e < si and define 

^ ^ for |a;| < 1, 


■ — 


3i+e 


for |a;| > 1, 


i = ,1. 


(4.1) 


We also denote aifi{x) = Then it is easy to see that ai^e{x) is decreasing 
with respect to e G [0, si). 

Lemma 4.1. Let 0 < e < si, then for any u € and i € {1, 2, • • • , 1 }, 


/RN 


ai^e(x)|up is well defined and decreasing by e. 


□ 


Proof. See [T3l Lemma 7.4]. 

Denote by , ai^e{x)dx) the space of L^-integrable functions with re¬ 

spect to the measure ai^e(x)dx and the corresponding norm is indicated by 


ai^e{x)\uY‘dx] , p > 1. 


Then we have the following result on the compact embedding. 


Lemma 4.2. For any e G (0, Si), the embedding 
is compact. 

Proof. We refer to m Lemma 7.6] for the details. 






,ai^s(x)dx) 


□ 


We note that for any compact set fl C with 0 ^ fl, we have that 
ai,eix) —>■ ai^o(x) uniformly for i G {1, 2, • • • ,1} and a; G D as e —>■ 0. Now, for 
any 0 < e < si fixed, let us consider the following problem: 


Au + ^ ^+u^ ^ = 0 in IR'^\{0}, 


i=l 

^u(x) > 0 in 
whose energy functional is given by 

A 


(4.2) 


U € Dn 


^e{u) = ^ f jVul^dx-^—^ / ai^e{x)\uf^^‘Ux-^ f \uf dx. 

(4.3) 
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4.1 Nehari Manifold A4 


Consider the corresponding Nehari manifold 

Me ■■= ju G : Je{u) = o| , where Je{u) := {^'^{u),u). (4.4) 

The following properties of A4 are basic and the proofs are standard. For the 
reader’s convenience, we give the details. 


Lemma 4.3. Let N > 3,0 = sq < si < S 2 <■■■< si < 2, Xq = 1, there exists 
some I < k < I such that Ai > 0 for 1 < i < k and Ai < 0 for k + 1 < i < 1 . 
Then for any u G iAg’^(K^)\{0}, there exists a unique t(£,ii) > 0 such that 
i{s,u)U G Me- Further, Me is closed and bounded away from 0. Moreover, if 
k ^ I, for any fixed u G i4Q’^(R'^)\{0}, t = t(^e,u) is strictly increasing by e in 

[0,si). 

Proof. Firstly, we consider the case of that k = 1. For any 0 m G 
we set 

b^^e{u) ■■= Xi [ a^^e{x)\uf"^‘''^dx > 0, i = l,2,---,l. (4.5) 

jRn 

We note that bi^e{u) is strictly decreasing by £ due to the monotonicity of Oi^eix). 
Since 


^ ' 2 " " ^ 2*isA 

i—1 ^ ' 




2 * 


(4.6) 


by a direct computation, we see that = 0 has a unique solution t(e,u) > 0- 

Precisely, t(e,«) is implicitly given by the following algebraic equation 


||nf - ^ - \u\i:t^^-^ = 0. (4.7) 

i=l 

By Sobolev inequality, it is easy to see that there exists (Jg > 0 such that 
t(s,u) > Se for any u satisfying ||m|| = 1. Hence, Me is bounded away form 0. 
Now, we prove that t = t(e,«) is increasing by e. Assume that 0 < £i < £2 < si, 
then we see that there exists a unique H and t 2 such that 


Jei ihu) = Je 2 {t 2 u) = 0. (4.8) 

Recalling that bi^e{u) is strictly decreasing by £, we have that 

Jeftiu) > Jefhu) = 0 = Jeft 2 u). (4.9) 

Noting that Jeftu) —>■ —oo as t ^ +oo, then by the uniqueness of te 2 ,u, we see 
that t(£ 2 ,ii) =t 2 > ti- Hence, is strictly increasing by £ in [0,si). 


Secondly, we consider the case of that k 1. For the convenience, we denote 
bo,e{u) = |m| 2 *- Then we see that 


<^e{tu) 






(4.10) 
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For a given m 0, we have 


J^^e{tu) := tf(t) 


(4.11) 


fit) := ||uf - (4.12) 

Noting that ^^^(t'u) = 0 with t > 0 if and only if fit) = 0, hence the existence 
of t(e,„) follows easily from the continuity of fit) and the facts that /(O) = 
llulp > 0, lim fit) = — 00 . 

t—>- + oo 

Now, we shall prove the uniqueness of Set ^ := {t > 0 : fit) = 0}. 

Then, we see that Let to := inf A, then by it is easy to see that to > 0 

and to G A, i.e., to is the minimal positive root of /(t) = 0. Hence, we have 
fit) > 0 for 0 < t < to and /(to) = 0. Next, we will show that /'(t) < 0 for 
t > to and thus /(t) < /(to) = 0 for t > tg- Indeed, 


/ 


/'W = -E[2*(«i)-2]6*,.(M)t2*(*^)-3 


_^2* (sfc_|_i) —3 


2=0 

I 


^[2*(si)-2]6,,£(w)t2*(«^)-2*(^.+i) 


.2=0 


and thus we only need to prove that 

i 


git) := E[2*(s0 - > 0 for t > tg. (4.13) 


2=0 


By /(to) = O 7 we have 


&fc+i,£(o=hf- E 

i^k+l 


(4.14) 


Noting that bi^eiu) > 0, 2*(si) > 2*(sfc+i) for 0 < t < fc, then bi^eiu)t‘^*^^''> 2 *(sfc+i) 
is increasing by t in (to, + 00 ). We also note that &i,e(M) < 0, 2*(si) < 2*isk+i) 
for fc + 1 < i < /. Hence, for this case, we also obtain that bi^eiu)t^ ('*d-2 (s^+i) 
is increasing by t in (to, + 00 ). It is trivial that 2*(si) — 2 > 0 for t = 0,1, • • • , L 
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Hence, 


g{t) := ^ [2*(s0 - + [ 2 *(sk+i) - 2 ]bk+iA^) 

Z^fc+1 

> ^ [2*(s,)-2]&,,,(u)tr(^^^-'*(^''+^^ + [2*(sfe+i)-2]6fc+i.,(u) 

i^k-\-l 


i^k+l 


+ [2*{sk+i)-2] 


\\u\\hl ^ - Y Ke{u)4 

i^k-\-l 


(si)-2*(sfc+i) 


= [2*(s,+i)-2]||uft^"*(^^+^^ 


^ (4.15) 

i^k+1 


Noting 2*(sfc+i) — 2 > 0 and [2*(si) — 2*(s/c+i)]&i_e(M) > 0 for i fc + 1. Thus, 
(14.131) is proved and thereby we obtain the uniqueness of t(e,u)- In particular, 
for the case oi k ^ I, we can not obtain the monotonicity of t(e,«) by e in [0, si). 

□ 


Lemma 4.4. Under the assumption of Lemma \4-3\ any {PS)c sequence of 
$e(m) is bounded in i4g’^(]R^). 

Proof. Since {u„} is a {PS)c sequence, i.e., 4>e(u„) = c+o(l) and ($(.(u„), u„) = 
o(l)||tt„||, we have 


c + 0 ( 1 ) + o(l)||u„|| 


> 


1 

2 

1 

2 


1 


2*(sfc) 

1 


E 

2=1 


2*(s/c) 


2*(sfc) 


1 

2*(s*)_ 


bi,e{Un) + 


1 

.2*(sfc) 



(4.16) 


which implies that {u„} is bounded in I1 q’^(]R^). 


□ 


Define 

Ce := inf ^e{u) (4-17) 

and 

6 e := inf ||u||. (4.18) 

uGAfe 

Lemma 4.5. Under the assumptions of Lemma \4.3\ and furthermore we suppose 
that k = I, i.e., all XiS are positive. Then Sg is strictly increasing by e G [0, si), 
i.e., 0 < So < < 5^2 provided 0 < £1 < £2 < si- 
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Proof. It follows from the strictly monotonicity of in Lemma 14.31 □ 

Lemma 4.6. Under the assumptions of Lemma \4.3\ Let {un} be a {PS)c 
sequence of *-e., 

f ^e{Un) -t C 

(un) 0 in the dual space o/Z3q’^(K.^) ’ 

then {un} is also a {PS)c sequence o/$£. 

Proof For any u G Afe, we have 

i 

Jeiu) = ||uf - ^ - \u\% = 0- (4-19) 


Consider the case of A: — we have 

i 

(jUu), u) =2\\ur - E 2*{s.)b.Au) - 2*\u\i: 

I 

= - [[E - 2)6,,eW] + (2* - 2)\u\i: 

i^l 

I 

<-[2*{si)-2][Y,b.An) + \u\i:] 

= -[2*{si)-2]\\u\\^ 

<- [2*(si)-2]42 <0. (4.20) 

However, when k ^ I, we note that bi^e{u) > 0 for 1 <i <k and bi^^iu) > 0 for 
k + 1 < i < 1. Here we view bo,e{u) as |M|i.. Hence, we have 

i 

{J',{u),u) =2hf-^2*(s,)6,.,(u) 

2 = 0 

I 

<2\\u\\^-2*isk)Y,h^,{u) 

= - [2*(sfc) - 2] llwf < - [2*(sfc) - 2] Si < 0. (4.21) 

Apply the similar arguments as Lemma 14.41 we see that {u„} is bounded in 
Z?q’^(R^). Let {tn} C R be a sequence of multipliers satisfying 

^eiun) = tnJgiUn)- (4.22) 

Testing by Un, we obtain that 

tn{Jg{'U'n),Un) —t 0. (4.23) 
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By (14.201) or (14.211) and (I4.23L we see that 


—>■ 0 as n —>• + 00 . 


(4.24) 


Noting that J'^{un) is bounded due to the boundedness of {u„}, hence by (14.221) 
and (14.241) . we have —>■ 0 as n —>■ +oo. □ 

Remark 4.1. By the formula (j4.16|) . for e > 0, we have that 


c. > - 


1 


'2 2 *(sfc) 

Especially, when k = I, by Lemma [^T5t we have 


]6l > 0 . 


.1 


1 




]<5o > 0 . 


(4.25) 


(4.26) 


For the case of k ^ I, we will prove that Ce is also achieved by some Ue and Ue 
is a mountain pass type solution (see Theorem\4-.l\). Set 


k 

$e(M) := i||uf - ^ 

2 ^Jr"2*(s,) 


| 2 *(si) 


(4.27) 


(4.28) 


It follows that there exists some i5o > 0 such that 

inf ma,x^g(tu) > ^ } J Jn > 0 - 

«gi>o’^(r'V)\{o} *>o 2 2*(sfc) 

Then it follows that 

Ce =^s{Ue) = Uia,X^e{tUe) > ma.X^e{tUe) > Ce > [^ - j N dg > 0. (4.29) 

Lemma 4.7. If k = I, Cg is strictly increasing by e in [0, si). 

Proof. Let 0 7 ^ u G Hq’^(IR^) be fixed. For any e G [0, si), by Lemmathere 
exists te > 0 such that teU € A 4 and te is implicity given by 

ll^f - = 0 


(4.30) 


By the Implicit Function Theorem, we see that t(e) G C'^(R) and -^t{e) > 0 
due to Lemma l43l Hence, recalling that bi^e{u) is strictly decreasing by e and 
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the formula (14.301) . we have 


— ^eiteu) 
de 


i 


I II e ' 




del2"^'' y2*{si) 

1—1 ^ ' 

I 


2 * 


2 *^€ 


4ni“i 


^te -yhe{u)t^ 






U2*] _ ^i,E(^) ^2*(si) 

J Z. 2*(s,) ^ 

1—1 ^ ' 


sr .... . ^. 

^ 2 *{s,) ' 

2=1 ^ ^ 


> 0 , 

therefore, Cg is strictly increasing by e in [ 0 , si). 


(4.31) 

□ 


4.2 Existence of positive ground state of the approximat¬ 
ing problem fl4.2p 

In this subsection, we assume that e G (0, si) is fixed. 

Theorem 4.1. Let N > 3,0 < si < S 2 < ••• < si <2. Suppose that there 
exists some I < k < I such that > 0 for 1 < i < k and < 0 for k +1 < i < 1 . 
Furthermore, if N = 3 and k ^ I, we assume that either si < 1 or 1 < si < 2 
with max{|Afe+i|, • • • ,|A/|} small enough. Then for any e G (0,si), problem 
(SSI) possesses a positive ground state solution having the least energy 

Ce<^S^. (4.32) 

In particular, if k = I, Ce is increasing strictly by e. 

We postpone the proof of Theorem 14.11 and do a little preparation before 
that. Denote 

4'(u) := i||uf - uGDo’^(R^). (4.33) 

It is well known that 

1 N 

min max4'(tu) = —S~. (4.34) 

iiGao’^(R^)\{o} ‘>0 N 

By Lemma WM any {PS)c sequence of is bounded in Dq’^(]R'^). Hence, we 
may give the following proposition: 

Proposition 4.1. Let N > 3,0 < si < S 2 <■■■< si < 2, there exists some 
1 < k < I such that Xi > 0 for 1 < i < fc and Xi < 0 for fc + 1 < i < Z. Take 
£ G (0,si) and assume that {u„} is a {PS)c sequence of^,;, i.e.. 


$e(u„) c, 

(«n) ^ 0. 


(4.35) 
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Up to a subsequence, we may assume that Un uq in and Un —>■ mo 

a.e. in . Denote Un := Un — uq, then {m„} is a PS sequence of'it. 

Proof. Basing on the Lemma |4.1l by Holder inequality and Hardy Sobolev in¬ 
equality, it is easy to prove that 

[ [ ai^eix)\uo\'^''^‘'*^~^hdx = o{l)\\h\\. (4.36) 

Jr" Jr" 

Since {u„} is a {PS)c sequence of we see that $(.(^0) = 0. Then it follows 
that 



uo)'Vhdx 



"^Uolhdx = o{l)\\h\\. (4.37) 


By the Brezis-Lieb Lemma, we see that 

- |moP ~^Uo “ Wn “ (un - Uq) ^ 0 Strongly in L2^(R^). 

(4.38) 

Hence, by (14.371) and (14.381) . this proposition if proved. □ 


Corollary 4.1. Let N > 3,0 < si < S 2 < ■■■ < Si <2, there exists some 
1 < k < I such that > 0 for 1 <i <k and < 0 for k P 1 < i < 1. Then for 
any £ G (0, si), $£ satisfies {PS)c condition if c < ■^S~. 

Proof. Let {«„} be a {PS)c sequence of with c < ^S^. Up to a subsequence, 
we assume that Un uq in I?g’^(K^) and —>■ uq a.e. in We prove this 
corollary by the way of negation. If Un -ft- uo in iAg’^(R''^), then by Proposition 
14.11 we see that := Wn — wo is a PS sequence of 4' and Un -f> 0- Then it is 
easy to prove that 

1 N 

lim 'i>{un) > ^S ■^ . (4.39) 

n—f+OO iV 

By Brezis-Lieb Lemma again, we have that 

^’£(m„) = $e(uo) + ^'(Mn) + o(l). (4.40) 

Since $(.(uo) = 0, it is easy to see that ^e{uo) > 0. Hence, by (14.391) and (14.401) . 
we obtain that 

c= lim $£(it„) > (4.41) 

n—f+OO i\ 

a contradiction. Hence, Un —>■ mq strongly in I?g’^(R^) and it follows that 

$e(mo)=c. □ 


Lemma 4.8. Let N > 3,0 < si < S 2 <■■■< si < 2. Suppose that there exists 
some 1 < k < I such that Ai > 0 for \ < i < k and Aj < 0 for k + 1 < i 'S I- 
Furthermore, if N = 3 and k ^ I, we assume that either Si < 1 or 1 < si < 2 
with max{|Afc+iI, • • • , |A/|} small enough. Take e G [0, si) and suppose that Cg 
is given by (14.171) . then we have 

Ce<^S^. (4.42) 
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Proof. Let U{x) : 


. For the case of fc = Z, it is easy to see that 


[N{N-2)]^ 

[l + \x\^]^ 

1 N 

Cg < max$E(tC/) < max'I'ftC/) = -^S~. (4.43) 

t>o ^ ^ t>o ^ N ^ ^ 


Next, we consider the case oik 1. When 1 < si < 2 with max{|Afc+i|, • • • , |A;|} 
small enough, a direct computation shows that (14.431) is also satisfied. And we 
note that the small bound can be chosen independent of e for e small enough. 
When 0 < Si < 1 and k ^ I, we let 0 ^ xq € R^, and if G iAg’^(R'^) be a 
nonnegative function such that ^ = 1 on i?(0, p),0 < p < |xo|. For cr > 0, we 
define 


U„{x) 


2-N 

a ^ U 


X — Xq 


G 


,{x) 


tfix - Xo)Ua{x). 


Noting that e > 0 is fixed, a direct computation shows that 


and 


[ ai^e{x)\ucr{x)\‘^'‘^'^*'>dx = O (cr®*), f = 1, 2, • • • , /, 

Jrn 


(4.44) 



\Vua{x)\'^dx = + 0{a^ ^); [ 

Js.^ 


\Ucr{x)\‘^ dx 


S^+Oia^). (4.45) 


Since Ai > 0 and si < min{s2, • • • , si, N — 2} under the assumptions, then it is 
easy to see that 


1 ^ 

< —S 2 for a small enough. 
t>o TV 

1 ^ 

Hence, by the definition of c^, we obtain that ^ . 


(4.46) 

□ 


Proof of Theorem 14.11 Let {«„} C Afe be a minimizing sequence of Cg. 
Then by Lemma [4.61 we see that {w„} is also a {PS)c^ sequence of $£. Under 

the assumptions, by Lemma we have < —S^. By Corollary 14.11 we 

observe that <i)e satisfies the {PS)c^ condition. Up to a subsequence, we may 
assume that Un —>■ ug strongly in Ilg’^(R^) and ^^(mo) = c^. Hence, ug is a 
minimizer of c^. Noting that is even, we see that |uo| is also a minimizer of 
Cc- Hence, without loss of generality, we may assume that ug > 0. Then, we see 
that $(.(wo) = 0. By the maximum principle, we have that mq > 0 in R^\{0}. 
Hence, ug is a positive ground state solution of problem (14.2|) and Theorem 14.11 
is proved. □ 

Remark 4.2. For £ G [0,si), we define the mountain pass value 

Cs ■■= inf max $e(7(t)), (4.47) 

7ere te[o,i] 
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where Fg := | 7 (i) G C ^[0,1], -Dq’^(R^)^ : 7 ( 0 ) = 0, $£( 7 ( 1 )) < o|. It is stan¬ 
dard to prove that Cg = Cg and any ground state solution of (1121) is a mountain 
pass solution provided that e > 0. Precisely, by the definition and the result of 
Lemma \4.S\ it is easy to see that Cg < Cg for all e G [0, si). When e > 0, by 
Corollary \f.l\ $g satisfies {PS)^^ condition. Hence, there exists a mountain 
pass solution Ug such that $g({(g) = Cg. It follows that 

Cg = $g(ug) = max$g(i{tg) > minmax$g(iu) = Cg, (4.48) 

t>0 u^O t>0 

thus we can obtain the reverse inequality. Hence, we have Cg = Cg for e G (0, si). 

Lemma 4.9. Under the assumptions of Theorem \l.l[ we have that limsupcg < 

£—>- 0 ”^ 

cq. Moreover, if k = I, we have that Cg > cq and thus lim Cg = cq. 

£—>■ 0 + 

Proof. For any 5 > 0, there exists 70 G Fg such that 

max <i)o( 7 o(t)) < cq + ^. (4.49) 

te[o.i] 

Denote 7 o(l) = 4>, since 70 G Fq, we have 4’o(<(>) < 0. By the Lebesgue’s 
dominated convergence theorem, we have 

lim [ Aiai,g(x)|((ip ^^''>dx= [ Ai-^—|(('P (4.50) 

Flence, by the continuity, we see that 70 G Fg when e is small enough. Now, 
take Cn 4- 0 and denote G [0,1] such that 

^’£„( 7 o(in)) = max $g„( 7 o(t)). (4.51) 

te[o.i] 

Up to a subsequence if necessary, we may assume that —>■ t* G [0,1]. Set 

Un ■= lo{tn) and u* := 7 o(t*), since 70 G (^([ 0 , 1 ], Dq’^)®^)), we obtain that 

Un —t u* strongly in iAQ’^(K^). Hence, we have 

(Un) = (u*) + o(l). (4-52) 

On the other hand, by the Lebesgue’s dominated convergence theorem again, 
we have 

$g„(u*) =$o(w*)+o(l). (4.53) 

Then by (|4.52l) and (I4.53L we have 

Ce <4>£„(7o(in)) = 4>g„(u„) 

=$o(u*) + o(l) < max 4>o(7o(i)) + o(l) 
te[o.i] 

<co + <5 + o(l). (4.54) 

Hence, lim sup Cg^ < cg due to the arbitrariness of 6 . 

n—¥-\-oo 
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Moreover, ii k = I, noting that ai^e{x) is decreasing by e for alH = 1, 2, • • • ,1, 
it is easy to see that Cg > cq- By Theorem 14.11 and Remark Cg = can be 
achieved. Hence, > cq- It is also trivial that lim Cg > cq. Hence, 

e^0+ 

lim Ce = Cq. (4.55) 

e—>-0+ 

□ 

Lemma 4.10. cq < cq and thus lim sup Cg < cq. Especially, cq = cq and lim = 

E^0+ 

Co if k = 1. 

Proof. For any 0 7 ^ u G since 7 (t) := tTu G ro(t) for T large enough, 

then by the definition of co and Co, it is easy to see that 


Co < Cq. 


(4.56) 


On the other hand, by Remark 14.21 and Lemma 14.91 we have 

Co > lim sup Ce = lim sup Ce. (4.57) 

E^0+ E^0+ 

Moreover, if A: = 1, by Lemma l4.71 Ce > co for any e > 0, combining with Lemma 
EH we obtain the reverse inequality 


Co = lim Cg = lim Cg > co. (4.58) 

E—>- 0 + E—> 0 + 

Hence, by (j4.56|) and (|4.58|1 . we see that co = co. □ 

Remark 4.3. When s = 0, since it is not trivial to see that co is a ground state 
value, we can not obtain that co = co by the arguments as the case of e > 0 
that mentioned in Remark \4.^ However, if k = I, by Lemma \4-l(]\ above, we 
still obtain that cq = cq. For the case of k ^ I, since we can not obtain the 
monotonicity of Cg, we are unable to get the conclusion of cq = cq up to now. 
However, we note that after the results established in present paper, we will see 
that this relationship still holds. Especially, cq can be attained. We can also 
obtain that lim Ce = co for the case k ^ 1. 

E^ 0 + 

5 Interpolation Inequalities and Pohozaev Iden¬ 
tity 

The followine Pronositions 15.1115.21 are nroved in m and Proposition 15.31 is 
obtained in [9]. Define 


^?(S1,S2) 


N{s2 - Si) 
S2{N - Si) 


for 0 < Si < S 2 < 2. 


(5.1) 
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Proposition 5.1. (set \1^ Corollary 2.1]) Let Lt C > 3) be an open set. 

Assume 0 < si < 2. Then for any S 2 S [si, 2] and 9 S [19(31, S 2 ), 1], there exists 
C{9) >0 such that 


l2*(si),si 


<C(0)||u||V 


2*(s2),-S2 


for all u S Z?g’^(r2), where ||m|| := (jVupdx) ^. 
Define 


(5.2) 


<i(si,S 2 ) ^^ for 0 < Si < 32 < 2. (5.3) 

(N - S2)(2 - si) 

Proposition 5.2. (see 1131 Corollary 2.2]) Let LI C K^(iV > 3) be an open set. 
Assume 0 < S 2 < 2. Then for any si G [ 0 , 32 ] and a € [0, ^(si, S 2 )], there exists 
a C{a) > 0 such that 


\u\2‘(s^),S2 < (^(Olkir ‘^|m|2*(si).si 


(5.4) 


for all u G Dg’^(D) 

Proposition 5.3. (see /Pj Proposition 2.1]) Let u G H^{L1)\{0} be a solution 
to the equation —Au = g{x, u) and G{x, u) = g{x, s)ds is such that G(- .«(•)) 
and XiGxi{-,u{-)) are in L^{Ll), then u satisfies: 


Ian 


x-r]dSx = 2N / G{x,u)dx+2 


N 

E 


XiGxi{x,u)dx—{N—2) / \Vufdx, 


where LI is a regular domain in M.^ and rj denotes the unitary exterior normal 
vector to dLl. Moreover, if LI — M.^, then 


2N 


N 

G{x, u)dx + 2 

i=l 


XiGxiix, u)dx 


{N-2) [ \Vu\^dx. 


Corollary 5.1. For e > 0 small enough, we still have that for any 9 G [i9(si, Sj), 1] 

*/ 0 < Si < Sj < 2, 



ai^s{x)\u\^‘dx 


2*(Oi) 


<c(0)iiiir 







And for any a G [0, ^(si, s^)] if 0 < Si < Sj < 2, 


1-e 

2 ^ 


(5.5) 


1 



< C(tT)||u||^ ai,e(x)|Mp*^'*‘)da; 


'Riv 


2*(sj) 


(5.6) 
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) ^ if kl < 1 

Proof. We replace dx by the new measure dv:=<'^l^ . Recalling 

the embedding relationship in Lemma 14.11 by the same arguments as the the 
proofs of [131 Corollary 2.1 and Corollary 2.2], we can obtain the results of (15. Sp 
and (16.101) . We omit the details. □ 

Corollary 5.2. Let N > 3,0 < Si < 2 and e G (0, si). Then any solution of 
(IQ) satisfies 


E 


I |2* 


(^^)dx= [ y 


'.X. ( 5 . 7 ) 


^ ^ * 1 * _ 

Proof. Take G{x, u) = y —— -Xiai^e{x)\u\'^ ■ By Proposition lOl 


we have 




dx 


d 


^ 2*(sj) i9a;j 

={N-2) I \\/ufdx. 

jRiv 


ai,e(x)|wp 


(5.8) 


Noting that 


9 |-(si-£)|^|5-yrTa;i for |a;| < 1, 

dxj^'"’^ ^ \-(s*+£)|7|7-W?a;i for |a;| > 1, 


(5.9) 


we obtain that 


d 


( 5 ^ £)ct 2 j£{x), |x| 1 , 


N 

^ ^ ^ [-(si + e)ai,£(a;), |a:| > 1. 


( 5 . 10 ) 
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Then, substitute into (15.81) . we obtain that 


-L 


dx 


■2e 


i—l ^ 




dx 


dx 


= {N-2) [ \Vu\^dx. 


On the other hand, since u is a solution, we have 

i 

iVupdx = / \' 

Jr" L 

Hence, by (15.111) and (15.121) . we get 


[ iVupdx = [ [^Ajaj,£(a;)|up + 

Jr^ Jr" l rr 


(5.11) 


dx. (5.12) 








s^) 


dx. 


(5.13) 

□ 


6 Proof of Theorem 11.11 

6.1 Preliminary 

Remark 6.1. For M e G (0, Si), by Theorem EH problem (SSI) possesses a 
positive ground state solution Ug such that $e(ite) = Cg. Now, we take e„ J, 0 as 
n —>■ +00 and assume that it„ is a positive ground state solution of (021) with 
e = Sn- Similar to the formula (14.161) . it is easy to prove that 

Ce.=^eAUn)>d-,^)\\uJ^- ( 6 . 1 ) 

2 2*(sfe) 

By Lemma \4.10[ we see that linisupce„ < cq. Hence, {u„| is bounded in 

n—V+OO 

Z?g’^(R^). Up to a subseguence, we assume that Un uq in Ilg’^(R^) and 
Un —t Wo a.e. in R^. 

Lemma 6.1. uq is a critical point of ^ q , i.e., $o(ito) = 0. 
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Proof. We claim that for any (f € Z3q’^(K.'^) and i € {1, 2, • • • ,1}, we have 


lim / 

n^+ooJg^M L 




|2*(sd-2. 


dx = 


1 


■|moP ‘^UQif 


dx. (6.2) 


LfI 

Without loss of generality, we may also assume that ^ > 0. Otherwise, we 
write (j) = (j)+ — (j)- and discuss (j)+ and (/>_, respectively. Firstly by the Fatou’s 
Lemma, it is easy to see that 


dx. 


/ 

1 ig. UO *■ Ugcj) 

dx < lim inf / 


/RW 


n^ + OO JjjAT 

^ -1 


On the other hand, since ai^e.^{x) < aifi{x) = -[yjs-, we have 


/k" 



dx< 

|u„P ‘^UnCf 


Jr" 

LfI ’ J 


(6.3) 
dx. (6.4) 


Since Un ug in Dq’ (M"), we see that 




Hence, we have 


lim 

n—>-+oo 


\Un? 


icf) dx= [ dx. (6.5) 

J dRW LfF* j 


By (16.41) and (16.5|) . we obtain 
limsup / ai,e„(a;)|u„p 

n—>-+oo JrN L 


/E^ L 1^ 


1 


dx < I , |moP "^ugfj) dx. 

( 6 . 6 ) 

Thus, dO]) is proved by (lOI) and (16.6F Recalling that u„ is a critical point 
of <i)e„, we have that {^'^^{un),4>) = 0 for all (f G i4Q’^(R'^). Then by (16.211 and 
Un uq in Dq’^(IR^), we see that (4>Q(ito), </i’) = 0 for all (j) G P>q^(M^), i.e., 

$[,(^^o)=0. □ 


Lemma 6.2. 0 < <i)o(uo) < lim Ce„ < cq and if ug ^ 0, we have $o(uo) = 

n—>--\-oo 

Cg > 0. 

Proof. By Lemma lOl '1 >q(uo) = 0. If Ug = 0, we have $o(uo) = 0. If Ug ^ 0, 
it is easy to see that Ug G Mg, then it follows that 4 >o(mo) > cq > 0. Hence, we 
always have 

$o(uo) > 0. (6.7) 

Since Un is a ground state solution of (14.21) with e = En, similar to (I4.16|) . we 
have that 


c 


Sn 


^er,{Un) 


1 

2 


I 

2*(sfe). 


IkralP + X/ 

i=l 


I 

.2*(sfe) 


+ 


1 

2*isk) 



I 

2*(s^). 


^2 I "an I 


2*(si) 

2*(si),i,e„ 


( 6 . 8 ) 
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1 


Noting that „ , , „ / ^ 

® [2*{sk) 2*(s,)J 

Lemma [4. 101 we get that 


Ai > 0 for i 7 ^ fc, then by Fatou’s Lemma and 


‘f’o(?^o) < liminf < cq. 

n—^-\-oo 


(6.9) 


Furthermore, if uq ^ 0, then by the dehnition of cq, it is trivial to obtain the 
reverse inequality $o(uo) > cq. Hence, $o(mo) = cq- Evidently, cq > 0, see also 
Remark [LT] and Lemma [L3l □ 


Lemma 6.3. Assume that lim [ ai,e„{x)\unf^^''>dx = 0 for some i G 

ra^+oo 

{1, 2, • • • ,1}, then {un} is a PS sequence of 'L, i.e., —>■ 0. 

Proof. Noting that {un} is bounded in By Corollary 15.11 we indeed 

obtain that 


lim / Oi e„(a:)|u„|^ = 0 for alH = 1 , 2 , • • • , L 

Then by Holder inequality and Hardy-Sobolev inequality, we see that 




I 

1^^ Aiai,e„(x)|u„p ^‘^''>~'^Unh dx = o{l)\\h\\. 

i=l 

Recalling that = 0, we obtain that 

r ‘ 

{^'{un),h)= / 

Hence, 4''(u„) —>■ 0. 


( 6 . 10 ) 


( 6 . 11 ) 


dx = o(l)||/i||. (6-12) 

□ 


Corollary 6.1. lim / 

ra->.+oo - 


i,er^{x)\l 


|2*(si) 


dx > 0 for all i = 1,2, - ■ ■ ,1. 


Proof. We prove it by the way of negation. We assume that 


lim 

n—>-+oo 


/ tti £„(x)|u„p dx = 0 for some i G {1, 2, • • • , Z}. 
xk" L ’ -I 


(6.13) 


Then by Lemma 16.31 {«„} is a PS sequence of 4/. By Remark |4.11 we always 
have liminf Ce„ > 0. Hence, 74 0 in Z1 q’^(]R^), and then it is easy to see that 


n—>-+oo 

lim 4 '(m„) > ^S^. 

n—>-+oo N 

We note that under the assumption (|6.13p . one can easily obtain that 

i 


Jrn l^ 2 *(si) 


dx = 0. 


(6.14) 


(6.15) 
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Thus, up to a subsequence, we can obtain that 


lim lim 

n—>-+oo n—>-+oo 




T N , , 1^—I 

and the above limit is > a contradiction to Lemma 14.81 


dx 


(6.16) 

□ 


Lemma 6.4. Let £„ i 0. Assume that {</>«} C Z1q’^(R'^) is a bounded sequence 
such that 

lim Je^((^„)=0 (6-17) 

n—>'+oo 

and Un -/t- 0 in L? (R^). Suppose that there exists some i G {1,2,-- - ,1} such 
that 


lim inf 


n —>'+oo J'^N - 

Then up to a subsequence, we must have 


dx>t), 


lim $£„((()„)> lim Ce„ > 0 . 

n—>-+oo n—¥-\-co 


Proof. Up to a subsequence if necessary, we denote 
r 7 i:=liminf / Ajai,£„(a;)|(^„|^ 

ra^+oo 


(6.18) 


(6.19) 


( 6 . 20 ) 


Obviously, ())„ 74 0 in Dq'^{R^). If not, by the Sobolev inequality we obtain 
that —?> 0 in (R”), a contradiction. Since also that {«„} is bounded in 


Zlg’^(R^), up to a subsequence, there exists some di, ^2 > 0 such that 

0 < di < ||u„|p < d2. 


( 6 . 21 ) 


By the Brezis-Lieb lemma, u„ 7 ^ 0 in (R-^) yields that there exist some 
ds > 0 such that 


ds < \4>n 


( 6 . 22 ) 


On the other hand, by the Sobolev inequality again, there exists some d 4 > 0 
such that 

\(fn\t < di. (6.23) 


Now, up to a subsequence, we may assume that 

> O* > 0, |<?!>n|2* b* > 0. 
Then by the assumption (16.171) . we have that 

i 


1 * =0. 


(6.24) 


(6.25) 


2=1 
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If there exists some i S {1,2, - ■ ■ ,1} such that (16.181) . then by Corollarv l5.ll we 
obtain that (16.181) holds for all i G {1,2, • • • ,1}. On the other hand, by Lemma 
for (pn, there exists a unique > 0 such that tnpn G A4„. Hence, 


Unf - \(pn\t-tX ^= 0 . (6.26) 


Then firstly we have 




(6.27) 


We claim that is bounded away from 0. If not, we assume that —>■ 0, then 
since ||(/>„|| < \/d 2 ^ the right hand side of (16.271) goes to 0. But by (I6.21L the left 
hand side of (16.271) is lager than c?i > 0, we obtain a contradiction. Secondly, by 
(|6.22l) and (I6.26L it is easy to see that {t„} is bounded. Hence, we may assume 
that tn ^ t* > 0. Then we have 


'^En i^riPn) — 0 , 

is bounded in Z)g’^(K'^), 

Then it follows that 


lim =Q- 

n—¥-\-oc 


I 

a* - 6 *(r) 2*-2 = 0 . (6.28) 

i=l 

Apply the similar arguments of Lemma 14.31 we can prove that the algebraic 
equation a* — ('* 0-2 _ 5*^2 -2 _ q unique positive solution. 

Hence, by (16.251) and (j6.28|l . we obtain that t* = 1. Then by the boundedness 
of {pn} again, it is easy to see that 


lim ^’e„(<('n)= lim (i„(/>n). (6.29) 

n—>-+oo n—>-+oo 


By the definition of tn, we see that tnpn € A4„. Hence, ^eni^npri) > Ce„. It 
follows that 

lim ^e„iPn)> lim Ce„. (6.30) 

n—>-+oo n—>-+oo 

Insert Remark |4.II here, we have that lim >0. □ 

n—)-+oo ^ 


6.2 The proof of the existence result of Theorem 11.11 for 

k = I 


Let En and Un be defined by Remark 16.II By Lemma 16.21 we only need to prove 
that Mo 0. Now, we will proceed by contradiction. We assume that uo = 0. 
By Corollary 16.II 


lim 




|2*(si) 


da; > 0 for alH = 1 , 2 , • • • ,1. 
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Recalling that {«„} is bounded and all A^s are positive, up to a subsequence, 
we can denote that 


lim 


L 

[E 


n^+ao 2*(Sj) 

Thus, by Corollary 15.21 we obtain that 


'^n 


dx =: T > 0. 


(6.31) 


lim 

n—>'+oo 


Its 


(^) I |2*(s 

2nso ' 


dx 


= lim 


I 


\0‘i,en. (^) L, |2*(si) 


^+°°7b 5; 2*(si) 


dx 



(6.32) 


Let x{^) £ C'“(IR'^) be a cut-off function such that xi^) — 1 in ®i, xi^) — 0 
in ]R^\Bi and take x(a:) G such that x{x) = 0 in Bi and y = 1 in 

]R^\B 2 . Let us denote 


4‘l,n{x) ■■= x{x)Un{x),4>2,n{x) := x{x)Un{x) (6.33) 


and define 


Un •— Un 4^1,n 02,n- 


(6.34) 


Then we see that sppt{un) C fl, where 0 := {a; G ^ < |a;| < 2}. Then by 

the Rellich-Kondrachov compactness theorem, we see that —>■ 0 strongly in 

jy^) for alH = 1, 2, • • • , L Then it follows that Un is a PS sequence 
of 4^. By Brezis-Lieb Lemma, we can prove that 



(Un) = $£„(0i,„ -I- 02,„) + 4'({(„) -I- 0 ( 1 ). 

(6.35) 

Recalling that {u. 

„) = 0 , it is easy to prove that 



lim $' ( 0 i_„ - 1 - 02 ,n) = 0 . 

n—)-+oo ^ 

(6.36) 

Obviously, 

lim 4 >E„( 01 ,n + 02 ,n) > 0 . 

n—)-+oo 

(6.37) 

Hence, if tin 74 0, we 

have that 



lim 5 '(m„)>^S'^. 

n—>-+oo TV 

(6.38) 


. __ 1 N 

By (16.361) . (16.371) and (|6.35p . we obtain that lim Ce„ > — S' = , a contradiction 

n—^-\-oo J\ 

to Lemma [4.81 Hence, we prove that 0 in and it follows that 

(u„) = (01,„) -I- (02,n) + o(l). (6.39) 
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Recal that (m„) = 0 and hence (un), 4’i,n) = 0. Then by m„ —^ 0 strongly 
in Z)g’^(K^), it is easy to see that 

lim Je^(0i^) = O. (6.40) 

n—>-+oo 

By (16.321) and the Rellich-Kondrachov compactness result, we can prove that 


lim inf / 

ra->.+oo Jjjw 


= lim 


L. |2*(si) 


ra^+oo i=l 2*(si) 


dx 


dx 




(6.41) 


And it follows easily that 


lim inf 

n—y-\-oo 



{x)\(j) 


l,n 


| 2 *(sd 


dx > 0 for alH = 1, 2, • • • 


Hence, by (I6.40L (j6.41l) . (16.421) and Lemma 15^ we obtain that 


(6.42) 


liminf ((()i „) > lim Ce„. (6.43) 

n—^+oo ’ n—f+cxD 

Similarly, we can also obtain that 

liminf ((()2 „) > lim Ce„. (6.44) 

n—^+oo ’ n—f+cxD 


Hence, by (16.391) . (16.431) and (16.441) . we have that lim > 2 lim Ce„, it is a 

n—>-+oo n—>■+00 

contradiction to the fact of that lim Ce„ > 0 because of Lemma Thereby 

n—>+oo 

Mo ^ 0 is proved. □ 


6.3 The proof of the existence result of Theorem 11.11 for 

k ^ I 

When k I, the proof becomes very thorny and we have to apply another way- 
perturbation methods. In this case, we assume that I > 2. For the convenience, 
in this subsection we denote 


Io{u) = I{u) := i |Vm|^ dx - [ ^ ^ -Cio’^(R^), 


^ 2 *(si) |a;|' 


(6.45) 


and 




j 2 *(-d 


mGD^’^(R^), (6.46) 


/r« m' 
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which is the corresponding functional of the following variant problem: 


An + + Et, + A (e;.h, 

ugdI’\r^). 


|A,| 


' w- ) 


0, a: G 


(6.47) 

We note that when A = —1, it becomes the problem Hence, our aim is to 

prove that problem (16.471) possesses a least energy solution when A = — 1. We 
set 


Dk '■= {fi GR : problem (16.471) possesses a least energy solution when A = ^} . 

(6.48) 

Then we only need to prove that — 1 G Dk- Firstly, by the results established in 
the previous subsection, for any A > 0, problem (16.471) possesses a least energy 

1 ^ 

solution, and the corresponding energy is less than —S^. Hence, 

[0,+oo)cDfc. (6.49) 


Set 


Afj, := |u G iAg’^(K^) is a positive solution of problem (j6.47l) when A = /r| . 

(6.50) 

When AIa 7 ^ 0, we define 

(6.51) 

(6.52) 


4 := inf hiu), 

c\ := inf maxJA(tu) 

uGD^’^{R’^)\{0} *>0 


and 


CA := min max 
7erxte[o.i] 


(6.53) 


where Fa := jy G C ^[0,1], iAp’^(R^)^ : 7 ( 0 ) = 0,/a( 7 ( 1 )) < o|. Then it is 
easy to see that 

4 > CA > Sa > 0. (6.54) 


By the standard concentration compactness arguments, one can prove that if 
there exists a bounded {PS)c sequence of I\ with c < c^, then c is a critical 
value of I\. It follows that 


cl = CA = 5 a > 0. (6.55) 

Next, we prepare the following properties about the least energy solution. 

Lemma 6.5. Assume that for some A G K, equation (16.471) possesses a least 
energy solution u\{x), then 

0 </a(ua) = ca < ^5^. (6.56) 

On the other hand, the functional I\ possesses the following properties: 


36 














(Ml) there exists some c,r > 0 such that I\{u) > c for ||m|| = r. Moreover, 
there exists vx € such that ||fA|| > r and Ix{vx) < 0; 

(M2) there exists a critical point u\ € of Ix such that 

I\{ux) = cx = cx ■■= min max Ixi'ylt)), (6.57) 

7er tG[o,i] 

where Tx := |7 S C (^[ 0 , 1 ],: 7 ( 0 ) = 0 , 7 ( 1 ) = daI; 

(M3) cx = cl= inf {/a(u) : /^(u) = 0,n G i7^’"(K^)\{0}} 

(M4) thesetSx '■= |w G Ilg’^(M^) : I'xiu) =0,lx{u) =ca| is compact in (R.^ ); 

(M5) there exists a path 7 a (t) G Fa passing through ux at t = tx and satisfying 

hiux) > h (7a (0) for all t ^ tx- (6.58) 


Proof Obviously, cx > 0. Combining with the result of Lemma |4.81 we obtain 
(j6.56|) and (16.521) . Based on the result of (16.5511 . (M1)-(M3) are trivial. And by 
Lemma ld.di we can obtain (M5). Hence, next we only need to check the property 
of (M4). Let {un} C 5a, noting that Ix{un) = 0, by Lemma l44l we see that 
{un} is a bounded {PS)c^ sequence of Ix- And it is easy to prove that \un\ 2 * 
are bounded away from 0. On the other hand, by the results of section 3, 
is radial and decreasing by |a;|. Also by ProDOsition l2.ll we see that {u„(0)} is 
bounded. Hence, Un(x) is a bounded sequence of L°°{R^) D where 

radial subspace of Ilg’^(]R^). Noting that the Kelvin transform 
of Un, which is denoted by Unix) := \x\~^^~'^'>Un is also a least energy 

solution, i.e., Un & Sx- On the other hand, we also note that for any s G [0, 2] 
and any solution u with its Kelvin transform u, we have 




(6.59) 


Hence, for the new sequence {ui,vi,U 2 ,V 2 ,- ■ ■} C 5a, there exists a subse¬ 
quence, denoted by Wj, such that 


liminf / P dx > 0 . (6.60) 

Jmi 

Then by u„(0) = sup u„(x)( see Remark l3.2ll . we obtain that 

xGR"’ 

liminfwj(O) > 0, (6.61) 

j^+00 

Hence, up to a subsequence, Wj ^ w ^ 0 in Dl’'^iR^). It is easy to see that w 
is also a critical point of Ix- Hence, we have 


Ixiw) > cx- 


(6.62) 


37 










On the other hand, by the weak semi-continuous of a norm, when A < 0, 


I\{w) 


1 

2 


1 

2*(sfc). 


k-1 


Ikf+ E 


1 

. 2 *(sfe) 


1 

2*(sz). 


Ai|w| 




I 

+ E A 


1 

. 2 *(sfe) 


1 

2 *(sz). 


|A,||w;| 


2 * 0 .) 

2*Oi) 


1 

. 2 *(sfe) 



(6.63) 


< lim inf 

j^oo 


1 

2 


1 

2 *(sfc)_ 


k-1 


Ikjf + E 

i=l 


1 

. 2 *(sfc) 


1 

2*(si). 


Ailuijl 


2*(si) 

2 *(si) 


I 

+ E^ 

i=fc+l 


1 

. 2 *(sfc) 


1 

2 *(s 0 . 


|Ai||wj 


|2*(si) 

l 2 * 0 .) 


1 

2*{sk) 


= lim inf I\ (wj) = c\. 

i—^oo 



(6.64) 

(6.65) 


The case of A > 0 is much easier to check. Then, it follows that I\{w) = c\ 
and thus wj ^ w € S\, its Kelvin transform w also satisfies w € S\. Hence, 
up to a subsequence, we have Un ^ w € S\ or Un ^ w € Sx. Thereby, (M4) is 
verified. □ 


Remark 6.2. By Remark 13.^1 we see that every Ui,Vi above are radial and 
decreasing by \x\. Hence, if the sequence concentrated, it can only happen at 
X = 0, i.e., 

sup / \ui\^ dx= dx, ( 6 . 66 ) 

SO does Vi- 

Lemma 6.6. For any A S D^, there exists some <5^ > 0 small enough such that 
(A — A -b (5 a) C Dk- In other words, is an open set o/K. 

Proof. Basing on the Lemma 16.51 applying the perturbation arguments, it is 
standard to prove the existence of d\ and the existence of positive solution for 
/i G (A — (5a, A + (5a). This processes is very long and tedious, however it is 
standard. Hence, we omit the details and a very like discussion we refer to [TJ 
section 5]. Next, we shall prove the existence of least energy solution. For any 
fixed p, G (A — 5a, A -b (5 a), then we firstly have that Ay, ^ 0. Let {«„} C Ay 
be a minimizing sequence, then it is easy to see that {u„} is a bounded (P5')c» 
sequence of ly. Let Un be the Kelvin transform of Un, then we also have that 
{iin} C Ay. Hence, apply the similar argument of the (M4) in Lemma 1631 we 
can prove that {ui, ui,U 2 , U 2 , • • • } is also a minimizing sequence and it possesses 
a strong convergent subsequence. Thus, we prove that c* is achieved. We also 
note that (|6.55p holds. □ 

Lemma 6.7. Dk is closed in R. 
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Proof. For any sequence {A„} C Dk, A„ —)> A, we shall prove that A S D^. 
Firstly we have 

lira ca„ = lim ca„ = c\ < c\. (6.67) 

n—^QO n—^oo 

Secondly by Lemma [4.81 

0 < lim ca„ < . ( 6 . 68 ) 

n—>-oo Jy 

Then the boundedness of ca„ yields the boundedness of {u„} in Z?q’^(R^). By 
A„ —>■ A and I'^^{un) = 0, we see that I'xiun) —>■ 0. Flence, we obtain that 
{un} is a bounded, radial, decreasing by |x|, {PS)s^ sequence of I\. We still 
adopt the notation Un as the Kelvin transform of then we firstly have that 
Px^iun) = 0, furthermore, we have that {ui,ui,U 2 ,U 2 j • • • } is also a bounded, 
radial, decreasing by |a:|, {PS)^^ sequence of lx- Applying the similar argument 
of the (M4) in Lemma 1^31 we obtain that {ui, ui,U 2 , U 2 , • • • } possesses a strong 
convergent subsequence. Hence, up to a subsequence, we may assume that 
Un ^ u or Un ^ U- Heuce, ca is achievable, and it follows that Ax ^ 0 . Then 
we have the relationship of (I6.55|) and thus u is a least energy solution. Hence, 
X G Dk, and Dk is closed in R. □ 


The final proof of the existence of least energy solution of Theorem 

[IT] for k h By Lemma [6.61 and Lemma [6.71 we see that Dk is a both open 
and closed set of R. By (16.4911 . [0,+oo) C Dk, hence Dk 0. Finally, we 
obtain that Dk = R. Then — 1 G Dk, and thus the existence of Theorem o is 
completed. □ 
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